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The standard theory of ideal single-pressure multiphase fluid dynamics, which is known to be ill-posed, is regularized via
the hamiltonian formalism by extending the noncanonical Poisson brackets for the standard single-pressure equations to the
case of multiple pressures. This formalism is used to find Lyapunov stability conditions for the regularized system.

1. Introduction. Multiphase flow involves interpenetration of various material species. Hydrodynamic models
describing such systems by using multiple velocity and density fields at a single, common pressure are known to be
ill-posed and possess various types of instabilities [1]. The ultimate cause for these difficulties can be traced to
the assumption of equal pressures for all the different species and phases. We propose to regularize this theory by
dispensing with the constraint of common pressure, introducing multiple pressures, as well as material quantities
associated with interface dynamics and inertia.

The idea of regularizing multiphase flow by introduction of additional pressures is not new. However, our ap-
proach and results obtained by reasoning via the hamiltonian formalism differ from others, which introduce, e.g.,
viscous dissipation [2], numerical filtering 3], surface tension [4], bubble inertia [5], or phenomenological inter-
facial pressure jumps [6]. See also ref. [7] for a recent review.

2. The single pressure model. The single-pressure model of ideal multiphase flow in R” is described by the equa-
tions (7]

8P +divpuT=0, Buf +viy;=—05(5%)1P,~d;; Bt +us Vns=0, (1,2)

where pS = p58% is the macroscopic density of the sth species, pS is its microscopic density, 8¢ is its volume fraction,
v’ is its velocity, n® is its specific entropy, P is the pressure, ® is the potential of an external field, summation is as-
sumed over all repeated indices except the species label s. In terms of the momentum density M = pSv¥, the mo-
tion equation (1b) can be written as

3, M5 + (MSM/p*%) ;= ~65VP— 55V, €))
The variables 8°,s =1, ..., N, are considered as given functions of {05, 7} through the relations EN 6s=1,
Pl(pl/61, o) = .. —PN(pN/BN V) = P where P§ = (p5)20e’/dp°, with e$ =e5(p%, n°) being the spec1ﬁc inter-
nal energy of the sth species.

Egs. (1)—(3) can be written in the hamiltonian form 9, F = {H,, F}, with F € {55, %, M*} and Poisson bracket
{ , } given in terms of these variables by [8]

0.375-9601/84/$ 03.00 © Elsevier Science Publishers B. V. 165
(North-Holland Physics Publishing Division)



Volume 106 A, number 4 PHYSICS LETTERS 3 December 1984

5] of ¢ 8J . 61 [~ 8 o
iy =-T [ [ ps DL oL e O, (p‘a-——n,x—+(aM +MF3)) )] @)
.1y Jars 55 9P sM$ sns oMy oMP 855 51 sMS
and the hamiltonian being the total energy, Ay,
=3 [anx(IMs 21255 + %" + 55D(x)] . )
s

Although this model is hamiltonian, there are two difficulties associated with it. First, egs. (1), (2) are well known
to be ill-posed even in the simplest case n = 1, N = 2, where the equations are not hyperbolic since they possess
complex-valued characteristics [1,4,6]. Second, for arbitrary n and N, the second variation of functions whose
extremal points are stationary flows of (1), (2) is indefinite due to the presence of the single pressure and, thus,
the Lyapunov stability of stationary flows is prevented [8].

Both these difficulties with the single-pressure model can be overcome at once by allowing multiple pressures
within the framework of the hamiitonian formalism.

3. Multipressure model. The following multipressure model provides a regularization of the corresponding single-
pressure equations and is hyperbolic when specialized to the n = 1, N = 2 case.

3,5+ FuF =0, Bn +us-VaE=0; 0w+ S+ VS = —05(59)71 VS - VO, ©7
3,05+ w-V65=0; dw+(w-V)w=—0t LIPSVES; B0+ divow=0, (8.9,10)
$

where p5, 75,0505, PS, & are the same as in the previous section, while w is an effective interface velocity and ¢ is
an associated interface mass density. For the two-species case, egs. (8)—(10) become, using 61=0,02=1-9,

30+w-V8=0; dw+(w-V)w=01(P2-Pl)V8; 3,0+divow=0. (8'9',10")

For separated flow, eq. (8') describes transport of volume fraction 8 by the interface with velocity w, whose accele-
ration is given in (9') in the form of Newton’s law, with an inertial mass density o, which by (10") is also transport-
ed (as a density) by the interface.

In the case where the first N — 1 species, say, are dispersed in species number N, eq. (9) written as
N-1
dw+(w-V)w=g-1 25 (PN - P5)V6*, (9")
s=1

has the form of the newtonian force law for acceleration of the interface. Eqs. (6)—(10) comprise a hamiltonian
system with Poisson bracket

5J 5J o1
W= - o "[501 M,~+6M( i30 :aes_+(aM+Ma‘) ) T ”SM](”)

and hamiltonian
Hy=H, + fdnx \M12)20, (12)
where M = ow is the effective momentum density of the interface. The Lie algebriac interpretation of both Poisson

brackets (4) and (11) can be found in ref. [9].
Conserved quantities for the system (6)—(10) in three dimensions are

cs= [@x psFo(ns. q*), (13)
where
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g% =(p%)! curl v+ Vs (14)

is the potential vorticity for the sth species and F* is an arbitrary function.
Additional conserved quantities of the same form are

Ks= [a3x 0G5(Q", 69, (15)
where

Qs =071 curlw- VS (16)
satisfies

3,05 +w-VQ5=0, (17)

and G are arbitrary functions.

One can show by the methods of refs. {10—14], that stationary flows {p, 13, M5, 65, w,, 0.} of the system (6)—
(10) are extremal points of the sum H¢ g = H, + Z; (CS + K¥), i.e., 8H x = O for stationary flows. An analysis of
the second variation SZHC k ¢valuated at the external point shows that 82Hc k can be positive definite, as required
for Lyapunov stability, provided hamiltonian H, is modified by the addition of a term f d"x €(0) representing ener-

gy of compressibility in o, i.e.,

Hy=H, + [d"x[IMP2[20+ &(0)] . (19)
Addition of this term modifies the w equation to

dw+(weV)w=—g71 23 PSVES - €'(0) Vo, 9"

but does not change the conservation laws (13) and (15) since these are properties of the Poisson bracket (11).
For the case of two species, s =1, 2,01 =8, 82 =1 — 8, the stationary flows of the new system (6)—(10) with
(9) replaced by (9") are extremal points of Ho = Hy + £2_, C5 + K.
The second variation of H- at equilibrium, 62HC, is given by the quadratic form

282Ho= [ d3x [0, 16w + 071w, 8012 +(€"(0,) — 0} 1w, [2)(50)?
+2G,5080 + 2G curl dw - V586 +20,G 538080 + 0,G5(86)% + 0,G (5Q)?]
+ 23 S @ (B 160° + (B8 10365° 2 — (B2) L Ivg P(85)2 + B5(B°)2 [5(5°/6%) + (B) ¢S bnF]?

+2(e; + F,;)8p%8n° + 2F] curl 8vs » VénS + 2 55F 7, 80°8q° + B leq, — (€5,4/8%? +Ff,m](25'rzs)2

+p5Fy, (845}, (20)

where §(55/85) = (65)1 855 — (0:)'255805, P;8q =—q;8p°% + curl 5v° + Vrf + curl v - V&n®, with an analogous ex-
pression for 6,8Q, and where, throughout, G, F$, and their derivatives G, etc., are to be evaluated at equilibrium,
and (65)2 = (GjCj/ﬁj)z, with (Cj)2 = dP$/d(p5/07) being the square of the sound speed for the sth species. A given
flow characterized by the functions F* and G will be linearly Lyapunov stable in the class of smooth solutions,
provided F* and G satisfy the conditions required for 62HC to be positive definite. The quadratic form (20) reduces
formally to that for adiabatic flow of a single fluid in three dimensions when v! =v2 = v, §1 = 92 =%, pl=p2
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= %p, 56 = 6w =80=0, and w, o0, Q, are absent. In that case, the conditions for Lyapunov stability are given in
ref. [14].

A characteristic analysis of the two-species, one-dimensional case of the system (6)—(10) shows that this system
is hyperbolic provided €"(0) > 0.

Remark. In the multispecies case with N > 2, the notion of interface velocity w may be generalized to allow for
motion involving any pair of adjacent materials, by introducing MV — 1)/2 interface velocities wob = whx o £
where o and § take values 1, 2, ..., N, corresponding 0®f = ¢f being the mass densities of the interfaces, and
variables ¢*f = —¢P< such that 85 — 1/N = T, ¢, The motion equations for the new system

9,05 +divpsus =0, n*+v - Vn =0, 3uS+(s-V)vf =(p%)! (li/_+2 cbs"‘) vPs @2n
a

3,0%F + div 0*PwB =0, 9,¢*F +weB VB =0, 0w+ (weh:V)weh=(PP_P)V¢eb— "*(oaf)Vo2s,

form a hamiltonian system with Poisson bracket

a<p 808 6M/9“3 5¢%8 " SMH

¢ (oaﬂai 8T _ 4a8 BT (a.m28 + pe6ay) 2L ]
SMeB sgoB ' sges T ! ’5M;w

and with hamiltonian
Hy=H, + 2 [anx[IMo#|2/20%8 + cB(aoB)] ,
a<f

where M2 = w828 (no sum on «, B) and €F is the internal energy density of the af-interface.
For the N = 2 species case, both systems (21) and (6)—(10) reduce to the same set of equations when ol2is
identified with 012, ¢ with (81 — 62), and M12 with ow.

We are very grateful to J.M. Hyman and B.B. Wendroff for helpful discussions of multiphase flow. This work is
partly supported by DOE and NSF.
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